We experimentally observe the formation of X-waves at fundamental, third harmonic, and fifth harmonic wavelengths by infrared ͑central wavelength at ϳ1500 nm͒ femtosecond laser pulse filamentation in air. By fitting the angularly resolved spectra of the fundamental and harmonic waves using X-wave relations, we confirm that all the X-waves have nearly the same group velocity, indicating that they are locked in space and time during their propagation in filament.
Light filament can be generated in nonlinear propagation of an intense femtosecond laser pulse in gases, where the laser beam is tightly localized both in time ͑compressed down to a few cycles͒ and space ͑with a typical beam waist of ϳ100 m͒ for a propagation distance much longer than the diffraction length. The stability of the filament is usually interpreted as a dynamic balance between beam self-focusing due to optical Kerr nonlinearity of the medium and beam defocusing due to plasma generation through multiphoton ionization of the medium. As stable dark filament even without significant plasma generation has been observed in condensed media 1, 2 and in air 3, 4 experimentally, light filamentation could also be explained as spontaneous formation of nonlinear X-waves 1, 2, 4, 5 in which the subdiffractive propagating intense peaks are refueled by the energy flux from X-shaped conical tails. Due to the tight localization of the pulse, huge peak intensity ͑ϳ10 13 W / cm 2 ͒ can be achieved in the filament, which will in turn lead to many interesting nonlinear phenomena, such as supercontinuum generation, 6, 7 conical emission, 8, 9 and harmonic generation. [10] [11] [12] In particular, due to potential application in coherent light frequency conversion and supercontinuum extension to UV region by two-color filamentation, 10 third harmonic generation ͑THG͒ in gases has been intensely studied both experimentally and theoretically in the past decade. Recently, the rapid development of the optical parametric amplifier ͑OPA͒ technology enables us to create intense femtosecond laser pulses with tunable wavelength in the infrared ͑IR͒ region. Due to the fact that the phase matching conditions between the fundamental wave ͑FW͒ and its harmonics can be more easily satisfied with an IR pump laser than with a Ti:sapphire laser, the importance of the investigation of harmonic generation through IR femtosecond pulse filamentation is justified.
Previously, we demonstrated that with sufficiently high pump energy, X-shaped TH could be generated in filament pumped by IR ͑central wavelength of 1270 nm͒ laser pulse, in which a conversion efficiency of THG was measured to be ϳ0.03%. 13, 14 The THG process is mainly governed by two mechanisms, namely, a longitudinal phase matching between the TH and FW, which dominates at relatively low pump pulse energy, and a group velocity matching between the TH and FW at high pulse energy. In this letter, we further show that both the TH and fifth harmonic ͑FH͒ can be generated in air by IR femtosecond pulse filamentation with a longer carrier wavelength of ϳ1500 nm. By use of an angularly resolved spectrometer, 9 we measure the angularly resolved spectra of the FW, TH, and FH, which indicate that the waves at the FW, TH, and FH wavelengths are all transformed into nonlinear X-waves after filamentation and propagating at nearly a same group velocity.
The experimental setup is shown in Fig. 1 . The IR laser pulses are generated by an OPA ͑TOPAS-C, Light Conversion, Inc.͒, which is pumped by a Ti:sapphire laser system ͑Legend, Coherent, Inc., repetition rate of 1 kHz, pulse duration of 40 fs, central wavelength of 800 nm, and single pulse energy of 2.5 mJ͒. The OPA system is tuned to produce signal pulses with a central wavelength of ϳ1500 nm, a maximum single pulse energy of up to ϳ500 J, and a pulse duration of ϳ30 fs. As signal and idler pulses from the OPA are propagating collinearly, dielectric coated broadband mirrors with high reflection coating around 1500 nm are used to select out the signal pulse and to suppress the idler pulse a͒ Electronic mail: ycheng-45277@hotmail.com. centered at ϳ1710 nm. A telescope system, which is composed of a silver-coated convex mirror CM1 ͑f = −0.5 m͒ and a concave mirror CM2 ͑f =1 m͒, is used to expand the laser beam waist twice in order to increase the peak intensity at focus and thus enhance the output harmonics intensity. The expanded beam is focused by a gold-coated concave mirror CM3 with a focal length of 25 cm to produce filament in air. The angularly resolved spectra ͑-͒ of the FW, TH, and FH waves are recorded by an angularly resolved spectrometer, which is composed of a silica collimating lens L ͑f =10 cm͒ and an imaging grating spectrometer ͑Shamrock 303i, Andor͒. Because our IR charge coupled device ͑CCD͒ camera is composed of a one-dimensional pixel array, a horizontal slit with vertical translation stage is used to scan the beam to achieve the whole angularly resolved spectra at the FW.
The critical power of self-focusing for an IR laser pulse with a central wavelength around 1500 nm in air is about 10 GW, 6 whereas the peak power of the IR pulse in the experiment is higher than 15 GW, which is sufficiently high to support filamentation in air. Similar to our previous work, 13 a nearly 2-cm-long filament around the focus appeared in air and bright conical rings could be observed on a screen after the filament. The spatial spectrum of the unfocused FW directly from OPA is shown in Fig. 2͑a͒ , which is slightly tilted due to pulse front tilting produced by OPA. It should be particularly noticed from Fig. 2͑a͒ that the output FW from OPA is not a perfect Gaussian beam, as its spatial spectrum is composed of a strong near-axis component with a broad spectral bandwidth and a weak conical part with a narrow bandwidth and a divergence angle of ϳ20 mrad. After the filamentation, it can be clearly seen that the FW undergoes a significant spectral broadening and blueshifting ͓Fig. 2͑c͔͒ accompanied by the formation of hyperbolic tails in the angularly resolved spectra, clearly indicating the formation of a nonlinear X-wave, as shown in Fig. 2͑b͒ . 4 In Fig. 3 , the angularly resolved spectra of the FW, TH, and FH waves after filamentation are recorded with high pump pulse energies. The hyperbolic structured spectral tails indicate that the output TH and FH waves are both transformed into nonlinear X-waves along with the pump pulse. We also noticed that both the central parts of the angularly resolved spectra of TH and FH are significantly blueshifted, which is caused by a strong cross phase modulation by the blueshifted axial pump beam. Previously, we showed that there are two different mechanisms governing the THG process in IR pulse filamentation.
14 Now we will verify whether these two mechanisms are still effective in higher order harmonic generation by fitting the FH spectra using the corresponding -relations, as shown in Fig. 3͑c͒ . The longitudinal phase matching between the FH and FW with a central frequency of requires k z ͑5͒ =5k͑͒, where k z ͑5͒ is the wave vector projection of the FH on the propagation axis and k͑͒ is the wave vector of the FW. As shown in Fig. 3͑c͒ , the divergence angle of the conical ring of FH is ϳ6 mrad, which agrees well with the calculated longitudinal phase matching angle of 5.8 mrad in the FHG process. However, for a mid-IR pump pulse with its wavelength centered at ϳ1500 nm, the calculated longitudinal phase matching angle between the TH and FW is too small ͑ϳ3.4 mrad͒ to be distinguished from the experimentally measured angular spectrum. In addition, the small phase matching angle indicates that it would take a long propagation distance for the FW and TH to have a phase shift between each other, which will result in a relatively strong axial component in the angular spectrum of TH. For these reasons, we do not show the fitting curve of the longitudinal phase matching between the TH and FW in Fig. 3͑b͒ . However, as the phase matching angle of the FHG process is much larger, tails corresponding to the longitudinal phase matching between the FH and FW can still be clearly observed in the angular spectrum of FH, as indicated by the dashed-dotted curves in Fig.  3͑c͒ . The hyperbolic shaped tails in the spectra of FW, TH, and FH waves are also fitted by the relation of group velocity matching, where the wave vector of scattered frequency components from the qth order harmonic waves ͑ q , q =1,3,5͒ in the Z axis are given by k z ͑͒ = k͑ q ͒ + ͑ − q ͒ / V g , where V g is the group velocity of the generated X-wave pulses. 15 By fitting the X-shaped tails in the angularly resolved spectra of FW, TH, and FH with this equation ͓shown by the solid white curves in Figs. 3͑a͒-3͑c͔͒ , we found that the nonlinear X-waves at FW, TH, and FH all have a same group velocity of ϳ3.01ϫ 10 8 m / s. Therefore, we conclude that these X-waves are all locked in space and time during their propagation in filament. With the increase in the   FIG. 2 . ͑Color online͒ Normalized ͑a͒ spatial spectrum of an unfocused FW from OPA and ͑b͒ angularly resolved spectrum of the FW after filamentation in air with an input pulse energy of ϳ380 J. Both ͑a͒ and ͑b͒ are given in logarithmic scale and normalized by the corresponding maximum intensity. ͑c͒ Normalized spectra of FW before ͑solid curve͒ and after ͑dotted curve͒ filamentation, which were obtained by integrating the respective angular spectra in ͑a͒ and ͑b͒ over the range of entire divergence angle. FIG. 3 . ͑Color online͒ Normalized angularly resolved spectra ͑in logarithmic scale and normalized by maximum intensity͒ of ͑a͒ FW, ͑b͒ TH, and ͓͑c͒-͑d͔͒ FH waves after filamentation in air with different pump pulse energies of ͑a͒ 380, ͑b͒ 440, ͑c͒ 380, and ͑d͒ 420 J, respectively. Solid curves in ͑a͒-͑c͒ are calculated using the relation of group velocity matching for fitting the X-waves with their central wavelengths set at ͑a͒ 0 = 1495 nm, ͑b͒ 0 / 3 = 498.3 nm, and ͑c͒ 0 / 5 = 299 nm, respectively. Dashed-dotted curves in ͑c͒ are calculated by the relation of longitudinal phase matching between the FW and FH. pump power, the angular spectrum of FH in Fig. 3͑d͒ becomes more complex and could be hardly well fitted by the group velocity matching relation. The mechanism behind this phenomenon is still unclear and will be investigated in the future. For comparison, we also performed the FHG experiment with a 1270 nm pump pulse ͑data not shown͒. However, in this case, the output FH is significantly weaker than the FH generated with the 1500 nm pump and we did not observe clear X-wave structures in the angular resolved spectra. The failure of formation of X-waves at FH with the 1270 nm pump might be attributed to a larger refractive index difference in air between the 1270 nm pump and its FH, as compared to the refractive index difference between the 1500 nm pump and its FH, which in turn makes it more difficult to realize a longitudinal phase matching for FHG with the 1270 nm pump than with the 1500 nm pump.
In conclusion, we observe the fifth order harmonic directly generated in the light filament in air pumped by intense IR femtosecond pulses with a carrier wavelength of ϳ1500 nm. The angularly resolved spectra of the FW, TH, and FH waves are measured, in which the spectral broadening and blueshifting as well as the formation of hyperbolicstructured tails are all observed. The measured spectra provide solid evidence on the formation of nonlinear X-wave at the FW, TH, and FH wavelengths. The generated nonlinear X-waves have nearly the same group velocity, indicating that the FW, TH, and FH are locked in space and time during their propagation in filament.
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